Exact form of Maxwell's equations and Dirac's magnetic monopole in
  Fock's nonlinear relativity by Takka, Naimi & Bouda, Ahmed
ar
X
iv
:1
90
2.
09
44
0v
1 
 [g
r-q
c] 
 25
 Fe
b 2
01
9
Exact form of Maxwell’s equations and Dirac’s
magnetic monopole in Fock’s nonlinear relativity
N. Takka ∗ and A. Bouda †
Laboratoire de Physique Thorique, Facult des Sciences Exactes,
Universit de Bejaia, 06000 Bejaia, Algeria
February 26, 2019
Abstract
After having obtained previously an extended first approximation of
Maxwell’s equations in Fock’s nonlinear relativity, we propose here the
corresponding exact form. In order to achieve this goal, we were inspired
mainly by the special relativistic version of Feynman’s proof from which
we constructed a formal approach more adapted to the noncommutative
algebra. This reasoning lets us establish the exact form of the generalized
first group of Maxwell’s equations. To deduce the second one, we have
imposed the electric-magnetic duality. As in the k-Minkowski space-time,
the generalized Lorentz force depends on the mass of the particle. Af-
ter having restored the R-Lorentz algebra symmetry, we have used the
perturbative treatment to find the exact form of the generalized Dirac’s
magnetic monopole in our context. As consequence, the Universe could
locally contain the magnetic charge but in its totality it is still neutral.
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1 Introduction
At the end of the last century, Dyson published Feynman’s proof of the homo-
geneous Maxwell’s equations in the context of the noncommutative formalism
through the use of the commutation relations between position and velocity for a
nonrelativistic particle [1]. According to Dyson, Feynmans aim was to go as far
as possible beyond the framework of the conventional physics by making as few
assumptions as he could. Trying to explore this new area of research, Feynman
was aware that the discovery of the new physical laws involves the non-use of
certain fundamental ideas and then he avoided assuming momentum. However,
after the calculation, he realized that he did not discover a new theory but just
another way equivalent to the standard approach. Some years later, Tanimura
formulated both a special relativistic and a general relativistic versions of this
derivation [2]. Later Brard and al. extended this approach in order to derive the
two groups of Maxwell’s equations [3] and then they studied in many works, the
emergence of the magnetic monopole as a consequence of the restoration of the
Lorentz algebra symmetry, e.g. [4] and [5]. Recently, Harikumar and al. estab-
lished Maxwell’s equations valid to the first order in the k-Minkowski spacetime
[6] and [7]. In [7] and [8], the equivalence between the minimal coupling pre-
scription and Feynmans approach has been discussed in the noncommutative
space-time and in the relativistic classical mechanics, respectively. Finally, to
first order in the deformation parameter, we have proposed in [9] an extended
form of Maxwell’s equations in the context of the Fock-Lorentz transformation.
In this work, we started from the equivalence between Feynman’s proof of
Maxwell’s equations and the standard proof in the framework of the lagrangian
formalism, pointed out since the first paper [1] in order to provide a new ap-
proach within which the electromagnetism can be studied formally. In this per-
spective, the generalization of electromagnetism in any general theory than spe-
cial relativity can be envisaged by the exclusive knowledge of the commutation
relations [xµ, xν ], [xµ, pν ], [pµ, pν ] and the explicit form of the four-dimensional
momentum pµ valid in the absence of the electromagnetic field Fµν . To this end,
we have exploited two advantages related to the use of the noncommutative for-
malism, namely, on the one hand, the manifestation of the electromagnetic field
by the noncommutativity of velocities in Feynman’s approach, and on the other
hand, the development of the latest version of Fock’s nonlinear relativity in [10].
Beside Deformed Special Relativity, also known as Doubly Special Relativ-
ity (DSR) which keeps invariant, the speed of light and the Planck energy Ep
or the Planck length lp [11]-[15], Fock’s nonlinear relativity constitutes another
audacious attempt to go beyond the conventional physics, by exploring the im-
plications of the non-constancy of the speed of light in vacuum for different
inertial frames. This curiosity is mainly motivated by the desire to resolve cer-
tain problems and paradoxes in cosmology [16] and in quantum gravity [14].
Mathematically, its development has undergone several steps to obtain a coher-
ent theory. To summarize briefly this evolution, let us take as origin [17] in
which it has been proposed that from the first principle of relativity alone, the
general form of the coordinates transformation between inertial frames could be
written as
2
t′ =
γ
(
t− ux/c2
)
αR
, x′ =
γ(x− ut)
αR
, y′ =
y
αR
, z′ =
z
αR
, (1)
here obviously γ =
(
1− u2/c2
)
−1/2
and αR = 1+ [(γ − 1)ct− γxu/c] /R where
R designates the radius of the Universe. By inspiring from [11] in which the
coordinates transformation of DSR [12–15] has been recovered, recently, they
have succeeded in [10] to reproduce the Fock-Lorentz transformations and to
suggest the momenta transformation after having defined the appropriate de-
formed Poisson brackets. The main novelty of this rewriting is that the contrac-
tion xµp
µ becomes an invariant which made possible the coherent description of
free particles by means of plane waves. In [18] and [19], the correspondence be-
tween the R-Minkowski spacetime and de Sitter spacetime has been established
after having derived the Klein-Gordon and Dirac equations, respectively. On a
quest for new generalizations even more satisfying, we have chosen once more
to focus on Maxwell’s equations and Dirac’s magnetic monopole in the context
of Fock’s nonlinear relativity. For this purpose, we propose in what follows to
go further than the previous work valid only to first order in the deformation
parameter [9], by establishing the corresponding exact formulation.
This paper is organized as follows. In section 2, we have developed the last
version of Feynman’s proof which allowed us to derive the exact form of the gen-
eralized Maxwell’s equations. In section 3, we have highlighted the link between
the restoration of the R-Lorentz algebra symmetry and the emergence of the
magnetic monopole. By using the perturbative treatment, we have obtained the
exact form of the generalized Dirac’s magnetic monopole in our context. After
that, by calculating the flux of the magnetic field through a closed spherical
surface, we have shown that the Universe could locally contain the magnetic
charge but in its totality it is still neutral. Section 4 is devoted to conclusion.
2 Maxwell’s equations
From [18] and [19], the quantization of the R-deformed phase space algebra
gives us the following result
[xµ, xν ] = 0, (2)
[xµ, pν ] = −i~ηµν +
i~
R
η0νxµ, (3)
[pµ, pν ] = −
i~
R
(
pµη0ν − pνηµ0
)
, (4)
where ηµν = (+1,−1,−1,−1) and µ, ν = 0, 1, 2, 3. Now, let us introduce the
symmetrization operator symbolized by < ... > [2] in such a way that the four-
dimensional momentum valid in the absence of the electromagnetic field [10]
becomes
pµ = m
〈(
1−
x0
R
)
−2
x˙µ
〉
+
m
R
〈(
1−
x0
R
)
−3
xµx˙0
〉
. (5)
Given that the generalized Feynman’s proof is conditioned by the knowledge
of [xµ, xν ], [xµ, x˙ν ] and [x˙µ, x˙ν ], it is clear that we need to find the two last
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commutators. First, without doing any calculation, combining together the
commutativity of the coordinates (2), the linearity of Eq. (5) with respect to
the velocity and by observing the right side of Eq. (3), we can deduce that
[xν , x˙λ] does not depend on the velocity
[xµ, [xν , x˙λ]] = 0, (6)
and then
[xµ, pν ] =
[
xµ,m
〈(
1−
x0
R
)
−2
x˙ν
〉
+
m
R
〈(
1−
x0
R
)
−3
xν x˙0
〉]
=
[
xµ,m
(
1−
x0
R
)
−2
x˙ν +
m
R
(
1−
x0
R
)
−3
xν x˙0
]
= m
(
1−
x0
R
)
−2
[xµ, x˙ν ] +
m
R
(
1−
x0
R
)
−3
xν [xµ, x˙0]. (7)
By identifying Eq. (7) with the right side of Eq. (3), we get
[xµ, x˙ν ] =
i~
m
(
1−
x0
R
)2(
− ηµν +
1
R
η0νxµ
)
−
1
R
(
1−
x0
R
)
−1
xν [xµ, x˙0], (8)
which, by taking ν = 0, gives
[xµ, x˙0] =
i~
m
(
1−
x0
R
)3(
− ηµ0 +
xµ
R
)
. (9)
After the substitution of Eq. (9) in (8), we obtain
[xµ, x˙ν ] =
i~
m
(
1−
x0
R
)2{
−ηµν +
1
R
(
η0νxµ + ηµ0xν
)
−
xµxν
R2
}
. (10)
In the first-order approximation, we can easily prove that Eq. (10) reproduces
the result obtained in [9]. We also remark that
[xµ, x˙ν ] = [xν , x˙µ]. (11)
At this stage, we must look for the commutator involving only the velocities.
For this purpose, we first need to explicit expression (5) of the four-momentum.
At the beginning, we start from
x˙µx0 = x0x˙µ − [x0, x˙µ]. (12)
From this last result and taking into account Eq. (6), it is easy to show that
for any natural number n ∈ N,
x˙µ(x0)n = (x0)nx˙µ − n(x0)n−1[x0, x˙µ], (13)
and then
4
〈
(x0)nx˙µ
〉
=
1
(n+ 1)
{
(x0)nx˙µ + (x0)n−1x˙µx0
+...+ x0x˙µ(x0)n−1 + x˙µ(x0)n
}
= (x0)nx˙µ −
n
2
(x0)n−1[x0, x˙µ]
= (x0)nx˙µ −
1
2
d(x0)n
dx0
[x0, x˙µ]. (14)
From this last result, by developing any regular function f of x0 in a power
series, we straightforwardly get the following generalization
〈
f(x0)x˙µ
〉
= f(x0)x˙µ −
1
2
df(x0)
dx0
[x0, x˙µ]. (15)
In order to determine the second term of expression (5), let us notice that for
three operators A, B, and C satisfying the following commutation relations
[A,B] = 0 and [A, [B,C]] = 0, (16)
we have
〈
ABC
〉
=
1
2
A
〈
BC
〉
+
1
2
〈
BC
〉
A. (17)
In fact,
〈
ABC
〉
=
1
6
[
ABC +ACB +BAC +BCA+ CAB + CBA
]
=
1
6
[
A
(
BC + CB
)
+
(
BC + CB
)
A+BAC + CAB
]
. (18)
Using Eq. (16), we can easily show that the two last terms in (18) can be written
as follows
BAC + CAB =
1
2
A
(
BC + CB
)
+
1
2
(
BC + CB
)
A. (19)
If we substitute the last expression in (18), we straightforwardly obtain Eq.
(17). By means of (17), the momentum written in (5) can be expressed as
pµ = m
〈(
1−
x0
R
)
−2
x˙µ
〉
+
m
2R
[
xµ
〈(
1−
x0
R
)
−3
x˙0
〉
+
〈(
1−
x0
R
)
−3
x˙0
〉
xµ
]
. (20)
Finally, via the use of Eqs. (2), (10), (11) and (15), we can check that (20)
reduces to the following expression
pµ = m
(
1−
x0
R
)
−3
{
x˙µ +
1
R
(
xµx˙0 − x0x˙µ
)}
+
3i~
2R
ηµ0. (21)
To continue, let us return once more to (6) to be able to write
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[(
1−
x0
R
)
−n
, x˙µ
]
=
d
dxα
{(
1−
x0
R
)
−n
}
[xα, x˙µ]
=
d
dx0
{(
1−
x0
R
)
−n
}
[x0, x˙µ]. (22)
By making use of (21) in the commutator [pµ, pν ] and taking into account rela-
tions (2), (10) and (22), after a tedious calculation, we obtain
[pµ, pν ] = m2
(
1−
x0
R
)
−4
[x˙µ, x˙ν ] +
m2
R
(
1−
x0
R
)
−5
{
xν [x˙µ, x˙0]
+xµ[x˙0, x˙ν ]
}
+
2i~m
R
(
1−
x0
R
)
−2(
ηµ0x˙ν − ην0x˙µ
)
+
2i~m
R2
(
1−
x0
R
)
−3(
ηµ0xν − ην0xµ
)
x˙0. (23)
Furthermore, if we replace Eq. (21) in the right side of (4), we find
[pµ, pν ] = −
i~m
R
(
1−
x0
R
)
−2(
ην0x˙µ − ηµ0x˙ν
)
−
i~m
R2
(
1−
x0
R
)
−3(
ην0xµ − ηµ0xν
)
x˙0. (24)
After the identification, relations (23) and (24) give
[x˙µ, x˙ν ] = −
1
R
(
1−
x0
R
)
−1 {
xν [x˙µ, x˙0] + xµ[x˙0, x˙ν ]
}
−
i~
mR
(
1−
x0
R
)2 {(
ηµ0x˙ν − ην0x˙µ
)}
−
i~
mR2
(
1−
x0
R
){(
ηµ0xν − ην0xµ
)}
x˙0, (25)
which, by taking ν = 0 and µ = 0, yields respectively
[x˙µ, x˙0] = −
i~
mR
(
1−
x0
R
)3 (
ηµ0x˙0 − x˙µ
)
−
i~
mR2
(
1−
x0
R
)2 (
ηµ0x0 − xµ
)
x˙0, (26)
and
[x˙0, x˙ν ] = −
i~
mR
(
1−
x0
R
)3 (
x˙ν − ην0x˙0
)
−
i~
mR2
(
1−
x0
R
)2 (
xν − ην0x0
)
x˙0. (27)
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Finally, if we replace the two commutators (26) and (27) in the right side of Eq.
(25), we get
[x˙µ, x˙ν ] = −
i~
mR
(
1−
x0
R
)2{(
ηµ0x˙ν − η0ν x˙µ
)
−
1
R
(
xµx˙ν − xν x˙µ
)}
. (28)
To first approximation in 1/R, expression (28) reproduces the result found in
[9]. Up to now, we have not included the electromagnetic field in the calculation.
To do it, let us recall the existence of the canonical variables found in [10]
Xµ =
(
1−
x0
R
)
−1
xµ, Pµ =
(
1−
x0
R
)
pµ, (29)
obeying the usual commutators of the special relativity [9]
[Xµ, Xν] = 0, [Xµ, P ν ] = −i~ηµν , [Pµ, P ν ] = 0. (30)
Knowing that in the presence of electromagnetic field
Pµ = mX˙µ +
q
c
Aµ(X), (31)
hence, it results
[Xµ, X˙ν] = −
i~
m
ηµν . (32)
Because [Xµ, X˙ν] has the same expression whether in presence or in absence of
electromagnetic field, expression (10) keeps its form unchanged even in the pres-
ence of this latter. To do the same with Eq. (28), we introduce the generalized
electromagnetic part in order to have
[x˙µ, x˙ν ] = −
i~q
m2
Fµν −
i~
mR
(
1−
x0
R
)2{(
ηµ0x˙ν − η0ν x˙µ
)
−
1
R
(
xµx˙ν − xν x˙µ
)}
, (33)
which is equivalent to
Fµν = −
m2
i~q
[x˙µ, x˙ν ]−
m
qR
(
1−
x0
R
)2{(
ηµ0x˙ν − η0ν x˙µ
)
−
1
R
(
xµx˙ν − xν x˙µ
)}
. (34)
Here of course, Fµν is an antisymmetric tensor which can be, in general, a
function of coordinates and velocities. However, as in [9], we can check that
Fµν depends only on position. Indeed, after a long calculation, by using the
Jacobi identity involving one coordinate and two velocities where
[xλ, [x˙µ, x˙ν ]] = −[x˙ν , [xλ, x˙µ]]− [x˙µ, [x˙ν , xλ]], (35)
we can make sure that Eqs. (2), (10) and (33) allow to find
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[
xλ, Fµν
]
= −
m2
i~q
[xλ, [x˙µ, x˙ν ]]−
m
qR
(
1−
x0
R
)2{
ηµ0[xλ, x˙ν ]
−η0ν [xλ, x˙µ]−
xµ
R
[xλ, x˙ν ] +
xν
R
[xλ, x˙µ]
}
= 0, (36)
which means that Fµν = Fµν(x). At this stage, we are able to derive the first
group of the generalized Maxwell’s equations in our case. In fact, let us proceed
as in [2] by starting from the following Jacobi identity
[x˙µ, [x˙ν , x˙λ]] + [x˙λ, [x˙µ, x˙ν ]] + [x˙ν , [x˙λ, x˙µ]] = 0. (37)
Substituting Eq. (33) in (37) and taking into account Eq. (2) and (10), we get
after a long calculation
[
x˙µ, F νλ
]
+
[
x˙λ, Fµν
]
+
[
x˙ν , Fλµ
]
+
2m
qR
(
1−
x0
R
)2{(
η0ν −
xν
R
)
[x˙µ, x˙λ]
−
(
η0λ −
xλ
R
)
[x˙µ, x˙ν ] +
(
η0µ −
xµ
R
)
[x˙λ, x˙ν ]
}
= 0. (38)
Making the use of Eq. (6), it follows that
[x˙µ, F νλ] = [x˙µ, xα]
∂F νλ
∂xα
. (39)
Finally, the use of Eqs. (2), (10), (33) and (39) lets us develop (38), to find
after a long calculation, the exact form of the following generalized first group
of Maxwell’s equations
(
∂λFµν + ∂νFλµ + ∂µF νλ
)
−
1
R
[
xα
(
η0µ∂αF
νλ + η0λ∂αF
µν
+η0ν∂αF
λµ
)
+
(
xµ∂0F
νλ + xλ∂0F
µν + xν∂0F
λµ
)
− 2
(
η0λFµν
+η0νFλµ + η0µF νλ
)]
+
1
R2
[
xα
(
xµ∂αF
νλ + xλ∂αF
µν
+xν∂αF
λµ
)
− 2
(
xλFµν + xνFλµ + xµF νλ
)]
= 0. (40)
As a first remark, we can check that to first order in 1/R, the last expression
recovers the result established in [9]. In order to seek the second group, we
proceed as in [9]. At the beginning, we contract expression (40) by means of
the metric tensor ηµν to get
(
∂µF
µλ + ∂µF
λµ
)
−
1
R
[
xµ
(
∂µF
0λ + ∂µF
λ0
)
+ xµ
(
∂0F
µλ + ∂0F
λµ
)
−2
(
F 0λ + Fλ0
)]
+
1
R2
[
xµx
α
(
∂αF
µλ + ∂αF
λµ
)
− 2xµ
(
Fµλ + Fλµ
)]
= 0. (41)
Now, we define the four-current as follows
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µ0J
λ = −∂µF
λµ +
1
R
[
βxµ∂µF
λ0 + χxµ∂0F
λµ − 2σFλ0
]
−
1
R2
[
ρxµx
α∂αF
λµ − 2κxµF
λµ
]
, (42)
where β, χ, σ, ρ and κ are constants where each one of them can take as values
only −1, 0 or 1. To fix them, we impose that the well-known electric-magnetic
symmetry
−→
E 7→ c
−→
B,
−→
B → −
1
c
−→
E , (43)
remains satisfied in the absence of source. Indeed, by using the definitions of
the electric and magnetic fields
Ei = cF i0, Bi = εijkF
jk/2, (44)
where εijk is the Levi-Civita antisymmetric tensor (ε123 = 1), we can easily
deduce that the development of Eqs. (40) and (42) gives us β = χ = σ = ρ =
κ = 1. With this configuration of values, the exact form of the generalized
second group of Maxwell’s equations is expressed as follows
∂µF
µλ −
1
R
[
xµ∂
µF 0λ + xµ∂0F
µλ − 2F 0λ
]
+
1
R2
[
xµx
α∂αF
µλ − 2xµF
µλ
]
= µ0J
λ. (45)
Finally, in the explicit form, the exact form of the generalized Maxwell’s equa-
tions are written as follows
−→
∇ ·
−→
B +
1
R
−→r · ∂0
−→
B +
1
R2
[
2−→r ·
−→
B −−→r · xα∂α
−→
B
]
= 0, (46)
−→
∇ ·
−→
E +
1
R
−→r · ∂0
−→
E +
1
R2
[
2−→r ·
−→
E −−→r · xα∂α
−→
E
]
= µ0j
0, (47)
1
c
−→
∇ ∧
−→
E + ∂0
−→
B +
1
R
[1
c
(−→r ∧ ∂0−→E )+ 2−→B − x0∂0−→B
−xα∂α
−→
B
]
+
1
R2
[1
c
(
2−→r ∧
−→
E −−→r ∧ xα∂α
−→
E
)
+x0
(
xα∂α
−→
B − 2
−→
B
)]
=
−→
0 , (48)
−→
∇ ∧
−→
B −
1
c
∂0
−→
E −
1
R
[
−−→r ∧ ∂0
−→
B +
1
c
(
2
−→
E − x0∂0
−→
E
−xα∂α
−→
E
)]
+
1
R2
[(
2−→r ∧
−→
B −−→r ∧ xα∂α
−→
B
)
+
x0
c
(
2
−→
E − xα∂α
−→
E
)]
= µ0
−→
j . (49)
To first order in 1/R, we recover the results obtained in [9]. Before finishing
with this second section, let us talk a little about the generalized Lorentz force.
In fact, using the generalized Newton’s force [2], the derivation of [xµ, x˙ν ] with
respect to the parameter τ gives
9
[xµ, F ν ] = m[xµ, x¨ν ] = m
d
dτ
[xµ, x˙ν ]−m[x˙µ, x˙ν ]. (50)
By means of equations (10) and (33), expression (50) reproduces the usual result
of special relativity and the one established to first order in the R-Minkowski
space-time [9]. To second order in 1/R, the generalized Lorentz force can be
thus expressed as
F ν(2) = q
〈
F νλx˙λ
〉
(2)
+Gν0(x) +
1
R
{
−m
(
x˙ν x˙0 + x˙0x˙ν
)
+ q
(
2
〈
F νλx0x˙λ
〉
+
〈
F ν0xλx˙λ
〉
+
〈
F νλxλx˙0
〉)
+Gν1(x)
}
(1)
+
1
R2
Dν(0)(x, x˙), (51)
where Gν0(x) and G
ν
1(x) are integration functions. D
ν
(0) is an unknown func-
tion of zeroth order in 1/R containing the corresponding corrective terms. By
looking at expression (51), it is notable that the particle mass intervenes in the
calculation of the generalized Lorentz force. This new parameter makes that
any two particles with the same charge, submitted to the same electromagnetic
field, will not necessarily feel the same force if their masses are different. To first
order in 1/R, we can see that for a neutral particle, the aforementioned force
is proportional to m/R. The same conclusion was found in the k-Minkowski
space-time [7] constituting then a common point between the two deformed
Minkowski spaces. Using the iterative method that we have developed in [9],
we can find F ν(2) after a very long calculation. The same approach may be used
to go further in order to find the higher-order terms.
3 The R-Lorentz algebra symmetry
In this section, we will examine the hypothesis of the existence of Dirac’s mag-
netic monopole by studying the impact that induces the R-deformation of the
three commutators [xµ, xν ], [xµ, x˙ν ] and [x˙µ, x˙ν ] on the R-Lorentz algebra sat-
isfying the following relations [18]
[
xµ,Jνλ
]
= −i~
(
ηµλxν − ηµνxλ
)
+
i~
R
xµ
(
η0λxν − η0νxλ
)
, (52)
[
pµ,Jνλ
]
= i~
(
ηνµpλ − ηλµpν
)
+
i~
R
pµ
(
ην0xλ − ηλ0xν
)
, (53)
[
J
µν ,Jλσ
]
= i~
(
ηνλJµσ − ηνσJµλ − ηµλJνσ + ηµσJνλ
)
, (54)
where Jµν is the total angular momentum expressed as
J
µν = xµpν − xνpµ. (55)
As a start point, we come back to the expression of the four-dimensional mo-
mentum valid in the absence of the electromagnetic field where [10]
pµ = m
(
1−
x0
R
)
−2
x˙µ +
m
R
(
1−
x0
R
)
−3
xµx˙0. (56)
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When there is no field, we can use Eq. (56) to rewrite relation (55) by means
of coordinates and velocities
Jµν = m
(
1−
x0
R
)
−2(
xµx˙ν − xν x˙µ
)
. (57)
Taking into account Eqs. (2), (10), (11), (15) and (17), after symmetrization,
we arrive to
Jµν = m
(
1−
x0
R
)
−2(
xµx˙ν − xν x˙µ
)
−
i~
R
(
ηµ0xν − ην0xµ
)
. (58)
In the absence of the field, relations (2), (10), (28) and (58) lead to the following
R-Lorentz algebra
[
xµ, Jνλ
]
= i~
(
ηµνxλ − ηµλxν
)
+
i~
R
(
η0λxν − η0νxλ
)
xµ, (59)
[
x˙µ, Jνλ
]
= i~
(
ηµν x˙λ − ηµλx˙ν
)
−
i~
R
{
xµ
(
η0ν x˙λ − η0λx˙ν
)
+
(
η0νxλ − η0λxν
)
x˙µ
}
−
~
2
mR
(
1−
x0
R
)2{(
η0ληµν
− η0νηµλ
)
+
1
R
(
ηµ0 −
xµ
R
)(
ην0xλ − ηλ0xν
)}
(60)[
Jµν , Jλσ
]
= i~
(
ηνλJµσ − ηνσJµλ − ηµλJνσ + ηµσJνλ
)
. (61)
We observe that the two commutators (59) and (61) have the same forms as in
(52) and (54) respectively. Relation (60) can be derived from (53). Now, if we
note by Mµν the contribution of the electromagnetic field to the total angular
momentum Jµν , expression (58) becomes therefore
J
µν = Jµν +Mµν
= m
(
1−
x0
R
)
−2(
xµx˙ν − xν x˙µ
)
−
i~
R
(
ηµ0xν − ην0xµ
)
+Mµν . (62)
From this last expression, by taking into account relations (2), (10) and (33),
we find the following R-Lorentz algebra
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[
xµ,Jνλ
]
= i~
(
ηµνxλ − ηµλxν
)
+
i~
R
(
η0λxν − η0νxλ
)
xµ +
[
xµ,Mνλ
]
, (63)
[
x˙µ,Jνλ
]
= i~
(
ηµν x˙λ − ηµλx˙ν
)
−
i~
R
{
xµ
(
η0ν x˙λ − η0λx˙ν
)
+
(
η0νxλ−
η0λxν
)
x˙µ
}
−
~
2
mR
(
1−
x0
R
)2{(
η0ληµν − η0νηµλ
)
+
1
R
(
ηµ0−
xµ
R
)(
ην0xλ − ηλ0xν
)}
−
i~q
m
(
1−
x0
R
)
−2{(
xνFµλ − xλFµν
)}
+
[
x˙µ,Mνλ
]
, (64)
[
J
µν ,Jλσ
]
= i~
(
ηνλJµσ − ηνσJµλ − ηµλJνσ + ηµσJνλ
)
,
= i~
(
ηνλJµσ − ηνσJµλ − ηµλJνσ + ηµσJνλ
)
+ i~q
(
1−
x0
R
)
−4{(
xµxσF νλ − xµxλF νσ − xνxσFµλ
+ xνxλFµσ
)}
+
[
Jµν ,Mλσ
]
+
[
Mµν , Jλσ
]
+
[
Mµν ,Mλσ
]
. (65)
To seek the conditions under which the above algebra remains invariant in the
presence of electromagnetic field, we should determine the suitable form ofMµν .
In other words, the restoration of the R-Lorentz algebra constituted by relations
(52), (53) and (54) and represented in the absence of the electromagnetic field by
relations (59), (60) and (61) respectively, requires the following three conditions:
[
xµ,Mνλ
]
= 0, (66)
[
x˙µ,Mνλ
]
=
i~q
m
(
1−
x0
R
)
−2(
xνFµλ − xλFµν
)
, (67)
i~
(
ηνλMµσ − ηνσMµλ − ηµλMνσ + ηµσMνλ
)
= i~q
(
1−
x0
R
)
−4(
xµxσF νλ − xµxλF νσ − xνxσFµλ + xνxλFµσ
)
+
[
Jµν ,Mλσ
]
+
[
Mµν , Jλσ
]
+
[
Mµν ,Mλσ
]
. (68)
Relation (66) means that Mνλ depends on position but not on velocity. Using
both expressions (66) and (67), we can check that Eqs. (2) and (58) allow us to
have
[
Jµν ,Mλσ
]
=
[
m
(
1−
x0
R
)
−2(
xµx˙ν − xν x˙µ
)
,Mλσ
]
,
= m
(
1−
x0
R
)
−2{
xµ
[
x˙ν ,Mλσ
]
− xν
[
x˙µ,Mλσ
]}
= i~q
(
1−
x0
R
)
−4
{
xµxλF νσ − xµxσF νλ − xνxλFµσ
+ xνxσFµλ
}
. (69)
12
In the same way, we find
[
Mµν , Jλσ
]
= i~q
(
1−
x0
R
)
−4{
xµxλF νσ − xµxσF νλ − xνxλFµσ
+xνxσFµλ
}
. (70)
Because Mµν = Mµν(x) which implies that
[
Mµν ,Mλσ
]
= 0, the substitution
of Eqs. (69) and (70) in (68) gives
(
ηνλMµσ − ηνσMµλ − ηµλMνσ + ηµσMνλ
)
=
q
(
1−
x0
R
)
−4(
xµxλF νσ − xµxσF νλ − xνxλFµσ + xνxσFµλ
)
. (71)
Focusing only on the spatial part of expression (71), we replace (µ, ν, λ, σ) by
(i, j, k, l) respectively. After the contraction of the resulting equation by ηil, we
find
M jk = q
(
1−
x0
R
)
−4(
xkxlF
jl − xlx
lF jk + xjxlF
lk
)
. (72)
Using the definition according to which the magnetic angular momentum [4]
takes this form
Mi ≡
1
2
εijkM
jk, (73)
Eq.(72) gives
Mi =
1
2
εijkq
(
1−
x0
R
)
−4(
xkxlF
jl − xlx
lF jk + xjxlF
lk
)
. (74)
Taking into account the following relation
F ij = εkijBk, (75)
we can prove that Eq. (74) reduces to
M i = q
(
1−
x0
R
)
−4
(xjBj)xi, (76)
which can be written in vector form as
−→
M = q
(
1−
x0
R
)
−4(−→r · −→B )−→r . (77)
Because M jk depends only on coordinates, Eqs. (6) and (10) let write
[
x˙i,M jk
]
= [x˙i, xµ]
∂M jk
∂xµ
=
i~
m
(
1−
x0
R
)2{∂M jk
∂xi
−
xi
R
(
1−
x0
R
)∂M jk
∂x0
+
xnxi
R2
∂M jk
∂xn
}
. (78)
13
After the identification of Eq. (78) with the spatial part of Eq. (67), we get
∂M jk
∂xi
−
xi
R
(
1−
x0
R
)∂M jk
∂x0
+
xnxi
R2
∂M jk
∂xn
= q
(
1−
x0
R
)
−4(
xjF ik−xkF ij
)
. (79)
Multiplying Eq. (79) by εljk/2 and exploiting Eqs. (73) and (75), we find
∂M l
∂xi
−
xi
R
(
1−
x0
R
)∂M l
∂x0
+
xixn
R2
∂M l
∂xn
= q
(
1−
x0
R
)
−4(
Blxi −−→r ·
−→
Bδli
)
. (80)
In the stationary case where
−→
B does not depend on x0, the developement of Eq.
(80) by means of (76) gives rise to the following relation
xiBl +Bixl − xj
∂Bj
∂xi
xl +
xixjxl
R2
{
2Bj − xn
∂Bj
∂xn
}
= 0. (81)
To zeroth order in 1/R, relation (81) reduces to the usual expression of the
special relativity [4]
xiBl0 +B
i
0x
l − xj
∂Bj0
∂xi
xl = 0, (82)
admitting as solution
Bi0 =
g0
4π
xi
r3
, (83)
where r =
(
xjxj
)1/2
and g0 describes the elementary magnetic charge. To first
order in 1/R, the result remains unchanged [9]. Now to go further, we have
opted for the use of the perturbative treatment. To first order in 1/R2, let seek
the solution in the form of
Bi = Bi0 +
Bi2
R2
=
g0
4π
xi
r3
+
Bi2
R2
. (84)
By replacing the last expression in Eq. (81) and taking into account Eq. (82),
we get
xiBl2 +B
i
2x
l − xj
∂Bj2
∂xi
xl +
g0
π
xixl
r
= 0. (85)
The general solution of the last equations is written as the sum of the homoge-
neous and the particular solutions given by
Bi2 =
g2
4π
xi
r3
+
γ2g0
π
xi
r
, γ2 ∈ R
∗. (86)
For the moment, g2 is just an integration constant. After the substitution of
Eq. (86) in (85), we find
γ2 = −
1
2
, (87)
and then expression (84) can be explicited as
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Bi =
g0
4π
xi
r3
+
1
R2
(
g2
4π
xi
r3
−
g0
2π
xi
r
)
. (88)
Next, to second order in 1/R2, we write Bi as follows
Bi =
g0
4π
xi
r3
+
1
R2
(
g2
4π
xi
r3
−
g0
2π
xi
r
)
+
Bi4
R4
. (89)
Taking into account Eqs. (82) and (85), the replacement of Eq. (89) in (81)
yields
xiBl4 +B
i
4x
l − xj
∂Bj4
∂xi
xl +
g2
π
xixl
r
−
g0
π
xixlr = 0. (90)
Seeking a solution in the form of
Bi4 =
g4
4π
xi
r3
−
g2
2π
xi
r
+
γ4g0
π
xir, γ4 ∈ R
∗, (91)
where g4 is an integration constant, the substitution of Eq. (91) in (90) gives
γ4 = 1/4 and then
Bi4 =
g4
4π
xi
r3
−
g2
2π
xi
r
+
g0
4π
xir, (92)
and therefore, expression (89) becomes
Bi =
g0
4π
xi
r3
+
1
R2
(
g2
4π
xi
r3
−
g0
2π
xi
r
)
+
1
R4
(
g4
4π
xi
r3
−
g2
2π
xi
r
+
g0
4π
xir
)
. (93)
Similarly, to third order in 1/R2, we have
Bi =
g0
4π
xi
r3
+
1
R2
(
g2
4π
xi
r3
−
g0
2π
xi
r
)
+
1
R4
(
g4
4π
xi
r3
−
g2
2π
xi
r
+
g0
4π
xir
)
+
Bi6
R6
. (94)
The use of (82), (85) and (90) after the replacement of Eq. (94) in (81) gives
xiBl6 +B
i
6x
l − xj
∂Bj6
∂xi
xl +
g4
π
xixl
r
−
g2
π
xixlr = 0, (95)
which has an identical form as that of the second order approximation (90) where
the indices (4, 2, 0) are replaced by (6, 4, 2) respectively. As a consequence, the
third order corrective term in 1/R2 is expressed as in (92):
Bi6 =
g6
4π
xi
r3
−
g4
2π
xi
r
+
g2
4π
xir, (96)
where g6 is another integration constant. Now, without doing any calculation,
we deduce that the higher order corrective terms admit the same form as that
of Bi4 but distinguished by the corresponding integration constants. Mathemat-
ically, the exact form of the generalized Dirac’s magnetic monopole can then be
written as
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Bi = lim
n→+∞
[
g0
4π
xi
r3
+
1
R2
(
g2
4π
xi
r3
−
g0
2π
xi
r
)
+
1
R4
(
g4
4π
xi
r3
−
g2
2π
xi
r
+
g0
4π
xir
)
+...+
1
R2n
(
g2n
4π
xi
r3
−
g2n−2
2π
xi
r
+
g2n−4
4π
xir
)]
, n ∈ {N− {0, 1}}, (97)
which is equivalent to
Bi = lim
n→+∞
1
4π
(
g0 +
g2
R2
+
g4
R4
+
g6
R6
+ ...+
g2n
R2n
)(
1−
r2
R2
)2 xi
r3
, (98)
or finally to
Bi =
ge
4π
(
1−
r2
R2
)2 xi
r3
, (99)
where
ge ≡ lim
n→+∞
(
g0 +
g2
R2
+
g4
R4
+
g6
R6
+ ...+
g2n
R2n
)
. (100)
Here ge represents a new characteristic quantity having the dimension of the
magnetic charge and which can in general depend on the radius of the Universe.
By observing (100), we can see that in the limit case where R goes to the infinity,
this latter reduces to the elementary magnetic charge of special relativity. In
the general case, to determine the quantity of the magnetic charge qm that
could contain a volume delimited by a closed spherical surface in our context,
we calculate the flux of the magnetic field through this same surface to have
qm(r, R) =
∮
~B · d~s = ge
(
1−
r2
R2
)2
. (101)
Schematically, the last result implies that


if rR −→ 0, qm(r, R) −→ g0,
if rR −→ 1, qm(r, R) −→ 0.
(102)
By analyzing the above result, we deduce that the magnetic charge could exist
locally but its charge is still neutralized in the Universe . Finally, the replace-
ment of Eq. (99) in (76) gives the following exact expression of the magnetic
angular momentum
−→
M =
qge
4π
(
1−
r2
R2
)2 (
1−
x0
R
)−4 −→r
r
. (103)
For r = R or x0 = R, it is obvious that
−→
M =
−→
0 . It is also easy to check that
the first approximation obtained in [9] is recovered.
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4 Conclusion
Taking as a starting point, the equivalence between the minimal coupling pre-
scription and Feynman’s approach highlighted in the first paper [1] and con-
firmed in further works, we found possible to construct a new version in order
to generalize electromagnetism in the noncommutative formalism. This ap-
proach is directly conditioned by the knowledge of phase space algebra and the
explicit form of the four-dimensional momentum valid in the absence of the
electromagnetic field. By proceeding in this manner, we have found the exact
form of the generalized Maxwell’s equations in the context of Fock’s nonlinear
relativity. As in the k-Minkowski space-time [7], the generalized Lorentz force
acting on a moving charged particle under the influence of an electromagnetic
field depends on the mass of this latter. This new parameter acts so that any
two particles with the same charge, submitted to the same electromagnetic field,
will not feel necessarily the same force if their masses are different. At the end,
we have restored the exact form of the R-Lorentz algebra symmetry and used
the perturbative treatment to resolve the spatial part of the resulting equation.
After calculation, we have established the exact form of the generalized Dirac’s
magnetic monopole. By calculating the quantity of the magnetic charge that
could contain a volume delimited by a closed spherical surface, we have found
that the Universe could locally contain the magnetic charge but in its totality
it is still neutral. Finally, we emphasize that unlike the previous works where
Dirac’s magnetic monopole was found without imposing the non-dependence
on time despite its similarity with the usual electrostatic field, in our case, the
analogy is more symmetric.
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